Can a polarization scrambler really depolarize light? 
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According to quantum theory, two ensembles of quantum systems tliat are described by tlie same 
density operator are indistinguishable. For example, unpolarized light can be obtained either by 
an incoherent mixture of two orthogonal pure states or by tracing out a photon from a maximally 
polarization-entangled photon pair. In both cases, one is unable to guess with probability greater 
than 50% the outcome of any polarization measurement, but the reasons are conceptually different: 
whereas the first case is a matter of classical ignorance (the photons were prepared in a definite but 
unknown way), the second one is of the quantum ignorance kind - if one cannot access the other 
degrees of freedom of the quantum state, there is no information that could be used to predict a 
measurement result. We use these concepts to discuss the quantum-physical interpretation of par- 
tially polarized light from the point of view of quantum communication and whether a polarization 
scrambler can really depolarize light. A novel definition of the degree of polarization of a single 
photon which does not depend on classical ignorance is also provided. 

PACS numbers: 03.67.Dd, 03.67.Hk 



I. INTRODUCTION 

A polarization scrambler is a device that acts as a time- 
varying unitary transformation on the polarization state 
of light. They have been used since long ago in long haul 
optical communications and fiber-optical metrology in or- 
der to eliminate polarization sensitivity [l| , and are com- 
mercially available from many manufacturers. In spite of 
its simple definition, however, the effect of a polarization 
scrambler over the degree of polarization (DOP) of light 
has been a subject fraught with controversy. The litera- 
ture has many examples of schemes that employ scram- 
blers to depolarize light, i.e., to reduce its DOP (possibly 
to zero, rendering a light beam completely unpolarized) 
0-131, ^^'^ some manufacturers often refer to "depolariz- 
ing by polarization scrambling" in the products applica- 
tion notes @. However, most of these schemes do not 
work as claimed. 

It has already been shown that polarization scramblers 
generally reduce the mean value of the DOP, but not its 
instantaneous value, defined within the coherence time of 
the light beam However, as all commercial polarime- 
ters measure the mean DOP, the polarization scrambler's 
effect may become indistinguishable from real depolar- 
ization. This happens whenever the polarimcter's detec- 
tor integration time is greater than the time scale of the 
fluctuations caused by the scrambler. One possible so- 
lution to overcome the detector's response time was also 
provided by @: by means of a coherent measurement. 
Given that the DOP is a collective property of a light 
beam, if one takes any two photons from the same mode, 
they must have the same polarization state whenever the 
beam is polarized. This can be verified by projecting the 
photon pair on the singlet state: two identical photons in 
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the same pure state will always result in zero probability 
of projection. 

The solution above utilizes a quantum measurement 
for determining the DOP of a classical light beam. But 
what about single photons? If a nonclassical light source 
generates one polarized single photon at a time and each 
photon experiences a different, random polarization ro- 
tation by a scrambler, there is no way to distinguish this 
incoherent mixture of polarized photons from a collec- 
tion of real unpolarized photons, i.e., photons that have 
no definite polarization state. The method of projection 
over the singlet state does not work in this case: as the 
source produces isolated photons, there is no means to 
measure a two-photon property. Moreover, even if there 
were two photons in the same temporal mode, the coher- 
ent measurement could give a false result if the photons 
were in any linear combination of the other three Bell 
states, as the probability of projection would also be zero. 
As a matter of fact, the collective measurement approach 
fails because the DOP from the quantum-physical point 
of view must be seen as an individual rather than a col- 
lective property. Even though it's impossible to measure 
the DOP of a single copy of a photon, its polarization 
state may be well defined; for example, it could have been 
prepared by passing through a polarizer. As strange and 
unnatural as it may look, polarization properties of single 
photons have been extensively used in the last decades in 
quantum communication applications, such as quantum 
key distribution Q- 

Previous works have already pointed out many fiaws 
in the direct adaptation of the classical definition of the 
DOP to quantum states of light Whereas the clas- 

sical definition can still be appropriate for ensembles of 
photons, its meaning can be misleading for single pho- 
tons. In this work, we use the concepts of classical and 
quantum ignorance to propose a new definition for the 
DOP of a single photon. We show that the DOP is closely 
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related to the amount of quantum ignorance in a po- 
larization state measurement where we have freedom to 
measure any observable. In particular, wc compare two 
different quantum communication scenarios where Alice 
sends unpolarized light (in the classical sense) to Bob, 
who must guess which of his detectors will fire. When- 
ever Bob cannot access other degrees of freedom of the 
photons sent by Alice, he is bound by quantum ignorance. 

This work is organized as follows: in section II, the 
concepts of classical and quantum ignorance arc reviewed 
and discussed. In section III, the boundary between these 
concepts is illustrated by a quantum communication sce- 
nario where Bob can perform arbitrary measurements on 
the states sent by Alice, whereas section IV discusses the 
effect of polarization scramblers on single photons. Sec- 
tion V introduces the new proposal for the DOP and 
section VI draws the conclusions. 



II. CLASSICAL VS. QUANTUM IGNORANCE 

Ever since its inception more than one hundred years 
ago, quantum physics has awakened an ever-going debate 
on the interpretation of its bizarre and counterintuitive 
- but ultimately correct - predictions. Many interpre- 
tations of quantum theory seek a " deeper reality" below 
its pragmatic foundations, particularly in which concerns 
the probabilistic nature of the universe. As it has turned 
out, it is difficult to accept a reality where uncertainty 
and probability play a major role. 

In order to understand the difference between the prob- 
abilities that are intrinsic to the quantum-physical de- 
scription of reality and the probabilities that we are used 
to experience in our daily lives, we can resort to the con- 
cepts of classical ignorance and quantum ignorance [lo| . 
For example, consider a coin toss game where Alice flips 
a coin, writes down the outcome and sends it by mail 
to Bob, who must guess the outcome before opening the 
envelope. Assuming the coin toss was fair. Bob clearly 
has a 50% chance of winning the game. Now consider 
a different guessing game where Alice prepares a single 
photon and makes it pass through a 50/50 beamsplitter 
(BS). Each output mode of the BS is connected to an op- 
tical fiber, and both are connected to Bob's office. Bob 
places a single-photon detector in the output of each one 
of the fibers. Similarly to the first scenario. Bob must 
guess which of the two detectors will fire before the mea- 
surement is performed. Again, he will have 50% chance 
of winning. 

From a purely probabilistic point of view, the two 
games are equivalent as Bob has the same odds of cor- 
rectly guessing the result From a conceptual point 
of view, however, the situations are quite different. In 
the coin tossing game, a probability smaller than one is 
a consequence of Bob's subjective ignorance on that par- 
ticular result, i.e., there was a definite result, but it was 
known only to Alice. This is what we call "classical" 
ignorance: Bob could have guessed correctly if he had 



received classical information on the result (e.g., Alice 
could have told him beforehand over the phone). How- 
ever, in the single photon experiment, even though Alice 
has prepared the quantum state that has been sent to 
Bob, she has no information on which way the photon 
will go after the BS. According to quantum theory, the 
most complete description that wc can have on the pho- 
ton is given by its quantum state, which would be of the 
form = \a) + e'^|5) (up to a normalization constant), 
where a and b are the BS output modes. Therefore, the 
information on which path has been followed by the pho- 
ton simply does not exist: it is unknown not only to Bob, 
but to every possible observer in the Universe. This is 
what we call quantum ignorance. 

It is tempting to say that classical and quantum ig- 
norance can be quantified by Shannon's and von Neu- 
mann's entropies, respectively However, this asso- 
ciation is not as straightforward as it seems: pure states 
have zero von Neumann entropy, but they can lead to 
maximum quantum ignorance, depending on the mea- 
surement being performed. Moreover, even though clas- 
sical ignorance and quantum ignorance are very distinct 
concepts, there are some situations where it seems that 
all ignorance is ultimately classical. Both points are dis- 
cussed in more detail in the next section, in the context 
of polarization state measurements. 

III. CLASSICAL AND QUANTUM 
IGNORANCE IN INCOHERENT MIXTURES OF 
PURE STATES 

Let us consider the traditional scenario of quantum 
communication, where Alice sends a quantum state to 
Bob over a quantum channel. In the remainder of this 
discussion, for simplicity's sake, let us assume an ideal 
quantum channel, i.e., represented by the identity op- 
erator. The scenario is depicted in Fig. [TJ Alice can 
prepare any pure polarization state (note the presence 
of a polarizer) with a general unitary transformation Ua 
and send it to Bob, who can also apply any unitary trans- 
formation [/{, of his choice. The goal of this experiment is 
the same as in the previous section: Bob needs to guess 
which of his two detectors, Dq or Di, will fire, before 
the photon sent by Alice is effectively measured. Alice, 
in her turn, generates one out of four possible polariza- 
tion states: \H), \V), \ +45°) = i\H) + \V))/V2 and 
\-45'^)^m~\V))/V2. 

Suppose, initially, that Ub is a fixed transformation, 
which means that Bob always measures the polarization 
state of the photons he receives from Alice in the same 
basis, say, the horizontal-vertical (H-V) basis. Suppose 
Alice is also restricted to send \H) or \ V) only, with equal 
probability (and this fact is known to Bob). The density 
operator representing the state as seen by Bob is then 
given by 

p,^l\H){H\ + ^\V){V\ (1) 
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FIG. 1. Quantum communication scenario that illustrates the 
concepts of classical and quantum ignorance in a polarization 
state measurement, (a) Bob cannot change his measurement 
basis, which may give rise to quantum ignorance depending 
on the state sent by Alice; (b) Bob can freely choose his mea- 
surement basis by applying the appropriate unitary trans- 
formation Ub- If he has access to the classical information 
possessed by Alice concerning her choice, all ignorance is of 
the classical kind. SPS: Single-Photon Source; P: Polarizer; 
PBS: Polarizing Beamsplitter; PC: Polarization Controller; 
D: Single-Photon Detector. 



which is equivalent to unpolarized light in the classical 
sense. In this case, Bob is bounded by classical igno- 
rance: his odds of winning the game depend on how much 
(classical) information he has about Alice's choice. Rep- 
resenting Alice's choice by the random variable A and 
Bob's guess by i?, then the probability that Bob cor- 
rectly guesses which detector fires is given by 



P(win|/9i) 



1 + I{A,B) 



(2) 



where I{X, Y) is the mutual information of the random 
variables X and Y . Clearly, if Bob's and Alice's choices 
are uncorrelated. Bob cannot guess which one of his de- 
tectors will fire with a probability greater than 50%. But 
if Bob has full information on Alice's choices, he can al- 
ways predict the measurement result with certainty. 

However, if Ahce sends the states | -I- 45°) and | — 45°) 
instead, then the situation changes completely. To see 
what happens, consider at first the expression for the 
new density operator, given by 
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l\H){H\ + \\V){V\ 
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(3) 



which is equal to pi, as expected, as any incoherent super- 
position of equiprobable orthogonal pure states results in 
a completely mixed state. Even though the density oper- 
ator is the same. Bob cannot predict any measurement re- 
sult with certainty, even if he knows exactly which states 



Alice is sending him. For example, if Bob knows that Al- 
ice sent the polarization state | -f 45°), detectors Dq and 
Di will fire with probabilities P(0) = |(+45°|H)|2 = 1/2 
and P{1) = |(-t-45°|y)p = 1/2, which results in 



P(win|p2) = ^ 



(4) 



regardless of the value of I{A,B). Bob's ignorance is, 
therefore, of the quantum kind. 

Let us now assume that Bob has arbitrary control over 
his unitary transformation. He is allowed to preset any 
value he wants to Ub prior to the detection (but not to 
keep it continuously changing during the measurement; 
this is a very important point that will be discussed in 
sec. IV). See how the situation has completely changed 
for Bob: if he has information on the states sent by Al- 
ice, he can previously adjust his unitary transformation 
such that his measurement basis matches the polariza- 
tion state sent by Alice. Then, Bob will be able to predict 
with certainty his measurement result. In other words, 
Bob is now bound by classical ignorance. 

Therefore, whenever Alice sends only pure states to 
Bob, and he is allowed to measure Alice's photons in any 
basis, Bob's ignorance is always of the classical kind. The 
density operator, in this case, represents his subjective 
ignorance on the (pure) state that describes the photon. 
Conversely, if Bob's classical ignorance is zero, he always 
knows the pure state which describes the photon's polar- 
ization. This is also true for all other degrees of freedom 
of the photon, as will be explained in the next section. 



IV. THE EFFECT OF POLARIZATION 
SCRAMBLERS ON SINGLE PHOTONS 

We have already discussed the controversial role of a 
polarization scrambler as a depolarizer. In order to make 
this point clear, let Alice's unitary operator be a func- 
tion of time, Ua [t) , which randomly changes between the 
identity / and the bit-flip operator X. If Alice's single 
photon source always produces photons in a fixed polar- 
ization state (e.g., vertical) and Ua is always set before 
the photon is emitted, then Alice will produce an inco- 
herent superposition of \H) and \ V), just as in Eq.(IT]). As 
we have already seen in sec. HI, Alice is merely adding 
classical ignorance to her photons; the "unpolarized" as- 
pect of Eq. ([T]) merely represents Bob's ignorance on her 
choices for Ua- Therefore, the scrambler is not really 
depolarizing anything. This becomes even clear if, in- 
stead of single photons, Alice produces weak coherent 
pulses (phase-randomized coherent states): all photons 
that were emitted at the same time will be in the same 
pure state. Coherent measurements that measure two- 
photon polarization correlations, such as [ref], will im- 
mediately conclude that all pulses are polarized. 

However, if Alice changes Ua{t) during the coherence 
time of the photons, the situation changes. The same is 
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true for Bob: we have shown in sec. Ill that the mea- 
surement of any pure state has zero quantum ignorance 
whenever the observer (Bob) is ahowed to choose the 
measurement basis, which is represented by the unitary 
operator Ub- However, it is important that this freedom 
in the choice of Ub does not couple the polarization state 
to any other degrees of freedom of the photon being mea- 
sured. 

In order to make the above mentioned point clear, con- 
sider the scenario of Fig. 2(a), which is almost identical 
to the one considered before, but it has an unbalanced 
interferometer very much like the ones used in quantum 
key distribution systems that employ time-bin encoding 
01 . The state of the photon just before the unitary trans- 
formation Ua is given by 



(5) 



where the time modes |s) ("short") and \£) ("long") cor- 
respond to the early and late time bins, respectively. At 
the output of the polarization scrambler, the state of Eq. 
([5]) becomes 
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'\£)(SUb{ti)\H) (6) 



Now consider that Ua{t) is chosen such that in the time 
instant corresponding to the early mode we have Ua{ts) = 
I and in the late mode we have Ua{ti) — X. The final 
state that is sent to Bob is, then, given by 



V2 



s) (g \H) 



\i) ® \V) 



(7) 



which is a maximally entangled state between the polar- 
ization and time-bin degrees of freedom. There is a fun- 
damental difference in this case concerning the (classical) 
information that Alice has on her state: even though she 
knows exactly which state she is sending, she does not 
(and cannot) know its polarization state, because it is 
undefined. So one might say that Bob's (and also Alice's) 
ignorance in a polarization measurement of the state rep- 
resented by Eq. ([7]) is of the quantum kind. Then we 
conclude that, in this case, the polarization scrambler is 
really depolarizing light. 

Bob, however, could still predict with certainty which 
detector will fire. If he knows which state was sent by 
Alice (i.e., his classical ignorance is zero), he could de- 
vise a very simple scheme that always results in a de- 
tection at Dq (or Di): in the expected arrival time of 
the early time bin. Bob selects Ub = I, whereas for the 
late time bin he chooses Ub = X, exactly as Alice has 
done. The effect of this operation is to undo the trans- 
formation introduced by Ua such that the state |V')a'* 
becomes again jV')™ (recall that X'^ = I). This state, 
in its turn, is fully polarized in the horizontal direction, 
so all detections would happen in Dq (a similar scheme 
interchanging / and X would forward all photons to Di). 
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FIG. 2. Alice sends polarization-time bin entangled photons 
to Bob. Up; Simplified scheme. The time delay introduced by 
the unbalanced interferometer is greater than the coherence 
time of the photons. Down: Output state generated by a 
time- varying unitary transformation such that Ua{ts) = I and 

Ua{tl)=X. 



Bob would not, however, be able to determine the time 
of arrival of the photons. 

The example above illustrates a very important point: 
if Bob has access to all degrees of freedom of the photon 
sent by Alice, his ignorance is always classical. This hap- 
pens because Bob still sees the state sent by Alice as a 
pure state - the only difference is in the dimension of the 
Hilbert space, which has increased. Quantum ignorance 
only arises when Bob cannot access all degrees of free- 
dom. In particular, in the case of polarization measure- 
ment, Bob is only interested in measuring the polariza- 
tion degree of freedom. The measurement realized with a 
time-varying Ub is not a standard polarization measure- 
ment: what Bob actually measured was a combination of 
two degrees of freedom, polarization and time. 

In order to perform a pure polarization measurement, 
thus. Bob cannot be allowed to access higher dimensions 
of the Hilbert space describing the global state IV')™*- 
In other words, he must restrict his unitary transforma- 
tion to the form Ub = J7poi ® I, where C/poi is a uni- 
tary transformation restricted to the Hilbert space rep- 
resenting the polarization state and / is the identity on 
all other degrees of freedom. In the example that Alice 
sends the state of Eq.©, Bob is not allowed, therefore, 
to choose a unitary transformation that varies in a time 
scale shorter than the time difference between the early 
and late modes. In this case. Bob is completely bound by 
quantum ignorance, as all the information he has is repre- 
sented by the reduced density operator of Eq. ([7]) , which 
is a completely mixed state. This is what we would call an 
" unpolarizcd" photon. Partially polarized photons could 
be produced using a similar method, e.g., replacing Al- 
ice's unitary operator such that < \ {H\Ua{ti)\H) \ < 1. 
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V. A NEW PROPOSAL FOR THE DEGREE OF 
POLARIZATION 

It must already be clear that the DOP of a single pho- 
ton should be based on the quantum ignorance in the 
polarization state measurement of this photon whenever 
the observer has the freedom of performing any von Neu- 
mann measurement he likes. This remark can also be 
stated as follows: the DOP of a photon must depend on 
the minimum quantum ignorance of the measurement, 
where the minimum is taken over all possible measure- 
ments (i.e., among all possible bases). So the next ques- 
tion that naturally arises is: how can we quantify quan- 
tum ignorance in this situation? 

We have already seen that quantum ignorance cannot 
be a function of the density operator, as density operators 
also take into account classical ignorance. As discussed in 
sec. Ill, zero classical ignorance is equivalent to know the 
pure state which represents all degrees of freedom of the 
photon; let j^'tot) represent this pure state. Let pe,^ and 
1 —Pe.(j> be the probabilities of detection in each detector 
in a pure polarization state measurement of state l^'tot) 
with respect to the basis defined by Ub{0, 0), where and 
(j) are the spherical coordinates that represent the basis 
in Poincare Sphere. We define the minimum quantum 
ignorance of this measurement as 



Qmin = 1 - SUpg^ll - 2pg 

where 9 € [0, tt], 4> e [0, 27r], and 



tr 



Ubie,(i>)\H){H\ulie,^)Pp,i 



where 



Ppol = trDOFs (|^'tot)('I'tot|) 



(8) 



(9) 



(10) 



and the partial trace of Eq. (fTU]) is over all degrees of free- 
dom but polarization. Eq. can be interpreted as fol- 
lows: we perform all possible pure polarization measure- 
ments in state ppoi and register the probabilities pg,^ and 
1 ~Pe,4> of projecting ppoi onto each eigenstate describing 
the measurement for all values of (6*, (p); or, equivalently, 
a single measurement is performed such that one of the 
probabilities pe,,f, or 1 — Pe,<p is maximized (the correct 
choice of the measurement which results in this maxi- 
mum value is a consequence of the observer's zero clas- 
sical ignorance). The quantum ignorance corresponds to 
the complement of the maximum difference between pg,^ 
and 1 — pe,ct,] this can be interpreted as the maximum 
"visibility" of the measurement. For example, if ^tot is 
a product state of the form I'l'poi) ® I^dofs), there will 
be a certain measurement that will result in probabilities 
1 and of projection in each eigenstate; thus the quan- 
tum ignorance is zero in this case. If ppoi is a maximally 
mixed state as a result of entanglement with other de- 
grees of freedom, as in Eq. ([7]), then all probabilities pg,^ 
will be equal to 1/2, and the supremum in Eq.® will be 



zero; hence, the quantum ignorance reaches its maximum 
value of 1. 

Finally, the degree of polarization can be directly re- 
lated to the quantum ignorance according to the simple 
formula 



DOP = 1 - 



(11) 



which obviously satisfies < DOP < 1. As already 
discussed, the DOP is maximum for states with minimum 
quantum ignorance, which corresponds to all pure states 
or incoherent superpositions of pure states. This is a 
major difference between the classical concept of DOP 
and the quantity defined in Eg. pTj) : as the classical DOP 
is a collective property of all photons in a beam, any 
incoherent mixture of photons in orthogonal polarization 
states will always result in DOP = (unpolarized light). 
The individual DOP of a photon, on the other hand, 
cannot be zero unless the polarization state is entangled 
with other degrees of freedom. 

It should be mentioned that the definition given by 
Eq. (fTTj) is of countcrfactual nature. The probabilities 
P0,0 cannot be calculated with a single realization of the 
quantum system being considered, as in practice only one 
measurement can actually happen. This is in conformity 
to the fact that we cannot know the DOP of a single 
photon when we only have one copy of it. 



VI. FINAL REMARKS 

We have provided a new definition for the degree of po- 
larization, that is suitable for characterizing single pho- 
tons, based on the minimum amount of quantum igno- 
rance in a polarization state measurement of a photon. 
An analogy with a quantum communication scenario, 
where Bob has to guess which of his two detectors will 
fire before the photon sent by Alice arrives at his office, 
was provided in order to show that different sets of states 
sent by Alice that are classically interpreted as unpolar- 
ized light (and hence represented by the same density 
operator) can describe two opposite situations, provided 
that Bob can freely choose his measurement basis. 

If Alice sends an incoherent mixture of pure states. 
Bob is bounded by classical ignorance: whenever he has 
information on the quantum states sent by Alice, he can 
improve his odds by appropriately adjusting his measure- 
ment basis; if Alice sends a state in which the polariza- 
tion state is entangled with other degrees of freedom that 
Bob cannot access, on the other hand, Bob's ignorance 
is of the quantum kind: no matter the amount of classi- 
cal information he has access to, his probability of cor- 
rectly guessing the outcome of the measurement is always 
smaller than one. Both situations can be generated with 
a polarization scrambler, which means that it is able to 
depolarize light under certain conditions. 

The proposed measure of degree of polarization, dif- 
ferently from the classical definition, does not rely on 
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the description given by the density operator: it actu- quantity rather than a subjective one. 
ally considers that the observer has access to all possible 
classical information on the state, just as if he had pre- 
pared it, which corresponds to a pure state in a higher- ACKNOWLEDGMENTS 
dimensional Hilbert space. It is, therefore, an objective 
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